Recent theoretical and experimental work has demonstrated that acoustic wave tunneling and energy squeezing can be achieved using densitynear-zero (DNZ) metamaterial channels [Fleury et al, J. Acoust. Soc. Am., 132(3), 1956 (2012 ]. These channels are directly analogous to supercoupling of electromagnetic waves in near-zero permittivity channels. In optics, the field enhancement and uniformity of response within a near-zero permittivity channel can be employed to produce switching behavior, harmonic generation, and wave mixing even with low amplitude input intensities. These optical channels have been already shown to significantly outperform enhancement of nonlinearity in conventional Fabry-Pérot resonant gratings [C. Argyropoulos, et al., Phys. Rev. B, 85, 045129 (2012)]. The analogous properties of velocity field within a DNZ metamaterial channel can result in significant and uniform amplification that may be employed to enhance material or structural nonlinearities in the channel for applications like transmission switches. This work presents recent analytical and finite element modeling of the use of DNZ channels to enhance acoustic nonlinearities. It also explores and discusses metamaterial mechanisms for attaining a tailored and enhanced nonlinear response.
INTRODUCTION
Over the past decade, research in metamaterials has made it possible to obtain previously un-attainable wave phenomena such as negative refraction and sub-wavelength imaging by using sub-wavelength structure to generate extreme effective constitutive material properties. In the field of electromagnetic metamaterials, for example, a counterintuitive phenomenon, termed supercoupling (Silveirinha and Engheta, 2006) , based on transmission due to impedance matching through epsilon-near-zero (ENZ) subwavelength channels has been shown to have very useful characteristics. Unlike tunneling based on Fabry-Perot (FP) resonances, in which transmission peaks occur when the channel length is multiples of a half-wavelength, ENZ transmission is independent of channel's length and results in an amplified electric field along the entire length of the channel. Recent theoretical (Fleury and Alu, 2012) and experimental (Fleury et al., 2012a (Fleury et al., , 2012b work by the authors has demonstrated that analogous wave tunneling and energy squeezing can be achieved in the acoustic domain using density-near-zero (DNZ) metamaterial channels.
In optics, the field enhancement and uniformity of response within an ENZ channel can be employed to produce several useful nonlinear operations such as switching behavior, harmonic generation, and wave mixing even with low amplitude input intensities. These optical channels have already been shown to significantly outperform nonlinearity enhancement in conventional Fabry-Pérot resonant gratings because the entire channel is subjected to amplified fields (Argyropoulos et al., 2012) . The analogous behavior within a DNZ metamaterial channel is explored in this work. It produces significant and uniform particle velocity amplification that may be employed to enhance material or structural nonlinearities in the channel for applications like transmission switches. Translating these concepts to acoustic waves may have several additional advantages: (i) nonlinearities are inherently stronger in acoustic media, (ii) guided acoustic waves have different dispersion properties that may be used advantageously, and (iii) tailored nonlinear constitutive behavior of lumped elements in the acoustic domain can be achieved using geometry. This work presents recent analytical and finite element modeling of the use of DNZ channels to enhance acoustic nonlinearities.
DYNAMIC DENSITY
Several groups have explored the phenomenon of dynamic mass density leading to phenomena such as negative mass (Huang et al., 2009; Jin, 2012; Yao et al., 2010) and superlensing with near-zero mass (Liu et al., 2012) . In the interest of this work, consider a section of a fluid-filled, rigid-walled channel with a lossless mechanical inclusion with mass, m, and stiffness, k, as shown in the Fig. 1 insert. In the quasi-static limit, i.e. d much smaller than wavelength, the channel in Fig. 1 can be modeled with a lumped parameter transmission line analog shown in Fig. 2 . The series components of the transmission line can be written as an effective density as shown in Eq. 1, where ߩ is the density of the fluid in the channel and ߱ ൌ ξሺ݇Ȁ݉ሻ is the natural frequency of the inclusion ȋ ǡ ʹͲͳʹȌ. For frequencies much lower than ߱ , the effective density is negative, which implies that an acoustic wave will be evanescent in the channel. For ߱ ଶ ൌ ሺ߱ ଶ ሻȀሺͳ ߩ Ȁߩ ሻ, where ߩ ൌ ݉Ȁሺ݀ܵ ሻ, the effective density becomes zero, and therefore, the phase speed and wavelength in the channel approach infinity. It is near this frequency that tunneling can occur through a channel of arbitrary length that connects two larger waveguides, as illustrated by the experimental setup shown in Fig. 1 . 
NONLINEAR OPERATION
One of the most interesting aspects of the DNZ channel is the uniform enhancement of the particle velocity which can be used to exploit the channel length for the enhancement of nonlinear behavior within the channel. Keeping the second order nonlinear terms for mass and stiffness (i.e. the first symmetric nonlinearities) and expressing them as functions of particle velocity, u, these properties can be rewritten as:
Here we note that, a nonlinear mass is rarely considered in the literature and is a highly non-intuitive phenomenon. It is included here for completeness of the analysis. In lumped parameter spring-mass systems, a small portion of the total moving mass accounts for the moving mass of the spring component, which is often an elastic material of known cross-section. At elevated amplitudes, the inertial contribution from the spring may change depending on the changing cross-section of the spring under large deformation. In this work, we have included a quadratic nonlinearity as a function of displacement from the origin as an approximation. It is worth noting that for a given spring geometry, the nonlinear mass and stiffness behavior can theoretically be tailored for a desired performance.
Replacing the mass and stiffness terms in Eq. 1 with the nonlinear expressions in Eq. 2 gives: 
where ܵ ௪ Ȁܵ is the velocity enhancement within the channel that occurs at the tunneling frequency when a wave enters the channel from a much larger waveguide with cross-section ܵ ௪ and particle velocity ‫ݑ‬ ௪ . Re-arranging Eq. (3) yields the expression in Eq. (4) for the nonlinear effective density which is directly analogous to the nonlinear effective permittivity expression given in Eq. (3) of (Argyropoulos et al., 2012) ,
In Eq. (4), ߩ ൌ ߩ ߩ is the sum of the fluid density and additional mass from a DNZ metamaterial inclusion. Equation (5) then provides a concise expression of the reflection coefficient when a DNZ channel connects two large waveguides having the same cross-section. In the absence of losses, we note that there are two methods by which the reflection coefficient vanishes and therefore we observe perfect transmission: (i) the spatial modes, or FP resonances, and (ii) the supercoupling impedance matching, where ܼ ൌ ඥ ߩ ߢ Ȁܵ . To achieve the impedance matching condition requires that ߩ ൌ ߩ ௪ ሺܵ ଶ ሻȀሺܵ ௪ ଶ ሻ. Then, since ߩ given by Eq. (4) is dependent on the particle velocity, supercoupling behavior will also display amplitude dependent transmission phenomena. Using various spring materials and geometries, it is then possible to obtain similar switching and energy pumping capabilities in an acoustic DNZ metamaterial channel as has been shown in optics.
CONCLUSIONS
The theory to model nonlinearity enhancement via supercoupling through DNZ metamaterial channels has been provided. The results above are directly analogous to the nonlinearity enhancement observed in electromagnetic waveguides. The authors propose that these features are realizable as springs with tailored geometries and can be exploited to produce switching and energy pumping of acoustical signals.
